We intend to introduce classically a special Lagrangian density in such a way that, firstly, it leads to a special non-topological solitary wave solution, secondly, the stability of that is guaranteed properly, and thirdly, its dominant dynamical equations reduce to the standard nonlinear KleinGordon equations. For these purposes, we have to consider a new term in the Lagrangian density, whose role is like a massless phantom that surrounds the special solitary wave solution and resists any change in its internal structure. * physmohammadi@pgu.ac.ir 1
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I. INTRODUCTION
In many of known physical models in the quantum field theory, dynamical field equations are introduced as standard (nonlinear) Klein-Gordon or (nonlinear) Klein-Gordon-like equations. Each of these equations with a set of particular constants just is used for a special type of fundamental particles with specific characteristics. For example, the components of Dirac equation (as some Klein-Gordon equations) were initially introduced to describe the quantum behavior of electrons and positrons. The Dirac equation, with different constants, is used for neutrinos and muons separately. Also, for the known Higgs particles, the dominant dynamical equation is a complex nonlinear Klein-Gordon (KG) equation. Nevertheless, the truth and the nature of the particle itself remain unknown in the standard quantum field theory. In other words, the quantum field theory is just a mathematical structure that provides a correct probabilistic relationship between initial conditions and the output results.
Many of the properties of the fundamental particles in the quantum field theory (such as mass and charge) are based solely on the results that obtained in the laboratory and are used manually to obtain the appropriate dynamical equations in this standard and successful theory. In fact, the quantum field theory, despite many of its significant successes in predicting the probability behavior of particles, in many other respects, can not explain many of other questions. For example, why should the mass and charge of a fundamental particle, such as an electron, be specific numbers? Or, why is there just a single Planck constant for the all particles of the nature? These are some of the questions that have not been yet explained properly.
Classically, for any arbitrary system of the fields, there are some PDEs which are called the dynamical wave equations. In general, theses PDEs have infinite solutions but a special solution with minimum rest energy is an important one, the so-called a soliton solution [1] [2] [3] [4] [5] . A soliton solution in many respects is in accordance with our classical sense of the particle concept, i.e. a prominent stable profile of the field in the space whose behavior in the collisions is fully in line with well-known standard theories. For example, for the real nonlinear KG systems with kink (antikink) solutions, many of the expected properties, that we expect to satisfy for any real classical relativistic particle, are satisfied properly [1, .
In fact, the theory of the classical fields with soliton solutions is a hopeful point for some researchers to answer the unanswered questions that remain in the quantum field theory.
The stability condition for soliton solutions has forced many researchers to look for models that result topological solutions [1, 5, [28] [29] [30] [31] [32] [33] . Basically, the topological property causes the stability of the soliton solution to be automatically guaranteed. Instead, among the models with non-topological solutions [27, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] , no model has been yet introduced that can lead to a soliton solution with minimum energy. The importance of the non-topological solutions is that it is easy to imagine a multi-particle solution just by adding them when they are far enough from each other. In the case of topological solutions to have a multi-particle solution, the situation is usually very complicated and sometimes impossible. Note that, the new model in this paper is introduced in 1 + 1 dimension just for simplicity, but it can be extended to 3 + 1 dimensions in a similar way.
In this paper, inspire by what we have learned in the quantum field theory, we try to show how it is possible to introduce a classical model of the relativistic fields in such a way that it leads to a special non-topological soliton solution with a special type of the standard nonlinear KG equations as its dominant dynamical equations. We show that in order to achieve these demands, we have to add a new term to a standard nonlinear KG Lagrangian density which behaves like a massless phantom that surrounds its special solitary wave solution and obstructs any arbitrary change in the internal structure of that. In other words, we want it acts like a stability catalyzer and its role be hidden when the special solitary wave solution is free and non-deformed. This new special classical relativistic field model is an example of the extended nonlinear KG field systems that are introduced in this paper generally.
The organization of this paper is as follows: In Section II, we introduce the standard and the extended (nonlinear) KG systems for scalar fields. In Section III, in general, we will introduce an extended nonlinear KG system with a special non-topological soliton solution.
In Section IV, the stability of the special soliton solution is considered under the small variations. The last section is devoted to summary and conclusions.
II. EXTENDED NONLINEAR KLEIN-GORDON SYSTEMS
In the standard relativistic (classical and quantum) field theory, the standard forms of the Lagrangian densities for the scalar fields are expressed as follows:
here φ i 's are N independent scalar fields, coefficients α ij 's and potential term V all are functions of the fields, scalars S ij = S ji = ∂ µ φ i ∂ µ φ j are named kinetic scalar terms. In fact, such kind of Lagrangian densities represent the standard (nonlinear) KG systems.
In other words, the formulas of the Lagrangian density of the standard (nonlinear) KG systems are linearly expanded in terms of the kinetic scalar terms S ij . Note that, the various linear combinations of S ij 's, in accordance with the standard (1), are ones that result a real Lagrangian density. However, according to the standard (1), depending on the arbitrary choices of the coefficients α ij 's and potential term V , it can be possible to introduce infinite (nonlinear) KG system. For example, if we deal with a complex scalar field φ, then φ 1 = φ, φ 2 = φ * and the allowed kinetic scalar terms are
and S 12 = ∂ µ φ∂ µ φ * . Accordingly, for a complex scalar field φ, the well known systems with the non-topological solitary wave solutions (Q-balls) were introduced as follows [27, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] :
where α 11 = α 22 = 0, α 12 = 1 and R = |φ| = √ φφ * . Q-balls, unlike kinks and anti-kinks, are non-topological solitary wave solutions which are not energetically stable. In general, it was shown that Q-balls have the minimum rest energy among the other solutions with the same electrical charge, but it is not a sufficient condition for the stability [38, 40] .
In an equivalent representation, instead of a complex scalar field φ, using the polar representation of the fields
leads to a new form of the systems with the Q-ball solutions, i.e.
where
α 12 = 0. Therefore, a special relativistic field system can be introduced via many different, but equivalent, representation. For each of these equivalent representation, the coefficients α ij 's and the kinetic scalar terms S ij 's would be different.
If the relativistic Lagrangian densities of the scalar fields are not linear combination of S ij 's, we can call them extended nonlinear KG systems. Namely, for a real scalar field φ 1 = ϕ with a single kinetic scalar term S 11 = S = ∂ µ ϕ∂ µ ϕ, the following Lagrangian densities are two examples of the extended nonlinear KG systems:
Moreover, for a complex field φ in the polar representation, i.e. φ 1 = R and φ 2 = θ, the following Lagrangian densities are again two examples of the extended nonlinear KG systems:
The extended nonlinear KG systems, due to their nonlinear dependence on the kinetic scalars S ij , undoubtedly end up with nonlinear dynamical equations of motion which are too complicated and are unlikely to be used until now in well-known physical models. Note that, the pervious Eqs. (5)- (8) are just some arbitrary examples of the extended nonlinear KG systems and there is not any other meaning, i.e. they should not be considered as some extended field systems with some special solutions or some thing else. Of course, in general, such Lagrangian densities can be called nonstandard Lagrangian (NSL) densities too [52] [53] [54] [55] [56] . There are many works which were dealing with such systems among which one can mention the works of Riazi and his colleagues [32, 33] and El-Nabulsi [55, 56] . However, in the next section we will introduce a special extended nonlinear KG system which leads to a single non-topological soliton solution.
III. INTRODUCING AN EXTENDED NONLINEAR KLIEN-GORDON SYSTEM WITH A SPECIAL NON-TOPOLOGICAL SOLITON SOLUTION
Here, at first step, we are going to introduce a standard complex non-linear KG system with a special Q-ball solution. For example, if we chose a special potential
for Lagrangian density (4), then the related equations of motion would be
It is easy to show that these dynamical equations have a special Q-ball solution as follows:
where ω s = 10 can be called the rest frequency of this special solution. This solution is at rest, to obtain the moving version of that, if it moves at velocity of v, it can be easily accomplished using a relativistic boost:
Note that, in this paper, for simplicity, we take the speed of light equal to one (c = 1).
The energy density function belonging to Lagrangian density (4) can be easily obtained:
where prime and dot are used to specify the space and time derivatives respectively. Since for the non-moving special Q-ball solution (12)Ṙ s = θ ′ s = 0, therefore the rest energy of that would be
It is easy to show that the non-topological Q-ball solution (12) is not stable under any arbitrary small deformation. For example, if we fix the phase function θ = ω s t, according to Eqs. (15) and (9), it is easy to show any small variation in R s with δR s < 0, yields a small reduction in the related total energy. In other words, the Q-ball solutions, such as (12), are not energetically stable objects at all.
Our main goal in this paper is that to find a proper additional term (F ) for the original Lagrangian density (4) in such a way that, like a stability catalyzer, guarantees the energetically stability of the special Q-ball solution (12) and dose not have any role in the dominant dynamical equations for this special solution, i.e. the dynamical equations just for the special Q-ball solution (12) remain the same standard original equations (10) and (11) . In other words, we want to introduce a new extended nonlinear Lagrangian density as follows 
Based on the well-known relations in the standard classical field theory, it is easy to find the energy density function of the system (16):
Where ε o corresponds to the original Lagrangian density (4) and ε F is related to the unknown new added term F . As we have mentioned, for the special solution (12), we expect the equations of motion (17) and (18) reduce to the same original standard nonlinear KG equations (10) and (11) respectively. In other words, for the new system (16), we expect the localized wave function (12) being a solution again, and for that the terms which are expressed in F and its derivatives, all be equal to zero. This means that the dominant dynamical equations over the special solution (12) are the same standard equations (10) and (11) . Therefore, we expect F and all its derivatives that appear in the above equations would be zero simultaneously for the special solution (12). This goal is only possible if F is considered as a function of the powers of three special scalars; the scalars that all are zero for the special solution (12) . It is easy to show that these scalars are:
For example, if one considers
,
It is easy to understand that if n ≥ 3, then all of these terms would be zero for the special solution (12) . In general, it can be shown that the all combinations according to the following series have the desired wanted features:
provided (n 1 + n 2 + n 3 ) ≥ 3. Here, coefficients a(n 1 , n 2 , n 3 ) are some arbitrary functions of the allowed scalars (except θ). Accordingly, the new purposed system (16) is essentially an extended nonlinear Klien-Gordon system. In fact, it consists of two parts, the original part L which is a standard KG system, and the additional term F , which must be functions of the powers of the kinetic scalars.
For some special choices of the series (23), the stability of the special solution (12) is guaranteed properly. For example, first let us consider three linear independent combinations of scalars S 1 , S 2 and S 3 as follows:
Then, the proper additional functional F can be introduced as follow:
In which A i 's (i = 1, 2, 3) are only three large constants. However, for this particular choice (27) , the corresponding energy density function is
which is divided into four separate parts. Coefficients C i 's are
After a straightforward calculation, given that ω 2 s = 100, one can obtain:
in which
This function (33) is always ascending and bounded from below by zero. Therefore, all terms in ε 1 , ε 2 and ε 3 are positive definite. For the special solution (12) and vacuum state (R = 0), all ε i 's (i = 1, 2, 3) would be zero simultaneously. It is reminded that K i 's, like the scalars S i 's, for the special solution (12) , all would be zero simultaneously. Since, for the special solution (12) the energy contribution belongs to the additional term F is practically zero
, that is why we call the additional term F "phantom term".
In general, since there are two independent scalar fields R and θ, and depending on them three independent scalars K 1 , K 2 and K 3 are considered, therefore, except for the non-trivial solitary wave solution (12), it is not possible to find any other space-time functions R(x, t) and θ(x, t) for which K i 's all being zero simultaneously. Hence, for the other solutions of the new extended system (16 with 27), it is never possible for three independent scalars S i 's or K i 's to be zero simultaneously. In other words, for the other solutions of the new system (16 with 27), always at least one of the scalars K i 's is a nonzero function, and then if constants A i 's are considered to be large numbers, at least one of the functions ε i 's (i = 1, 2, 3) becomes a non-zero large function, which implies that the energy of the other solutions would be always larger than the rest energy of the special solution (12) . Accordingly, the definition of the new extended system (27) for large values of A i 's, causes the special solution (12) turns to a soliton solution with the minimum rest energy among the other solutions of the new extended system (27) . Note that, the first term of the energy density function (ε o ) has not considered yet in the stability consideration. In the next section, we show that the contribution of this term (i.e. ε o ) is so small, compared to the other terms ε i 's, that essentially can be ignored in the stability consideration, provided constants A i 's are considered to be large numbers.
IV. STABILITY UNDER SMALL VARIATIONS
In this section, we want to study the stability of the special solution (12) for the small deformations. In general, a little deformed non-moving solitary wave solution can be presented as follows:
where R s (x) = 1/ √ 1 + x 2 and θ s = ω s t, and δR and δθ are any permissible small spacetime functions. Now, by inserting this deformed solution (34) in the first part of the energy density ε o (28) and keeping the terms in order of δR and δθ, then it yields:
Note that for the special non-moving solution (12),Ṙ s = 0, θ ′ s = 0 andθ s = ω s . It is clear that δε o is not necessarily an absolute positive function. Hence, it may take negative values at some space-time points for some permissible variations δR and δθ. Now, we do this for the other energy density parts (28):
Note that, for the special solitary wave solution (12) : ε is = 0, K is = 0 and C is = 2ω (34) . In general, it can be easily shown that δK i 's and δC i 's are in the order of the first power of the variations δR and δθ. Therefore, according to the result (36) , δε i 's are in the order of
2 , A i (δθ) 2 and A i (δRδθ), while δε o , as mentioned above (35), is only in the order of δR and δθ.
On this basis, if constants A i 's are considered to be large numbers, it can be easily understood that the special solution (12) Since the special solution (12) does not have the stability condition for very small variations, it is a sign of the fact that the dominant dynamical equation for the special solution (12) is the same standard nonlinear KG equations (10) and (11) . In other words, for very small unimportant variations, the condition of stability is violated (i.e. |δǫ o | ≥ of the egg. For this simulation, firstly, the phantom term F has the role of the egg shell, of course a massless and very solid shell, i.e. the phantom term F requires that the particle shape (12) always stays in a specified format; secondly, the chicken itself is similar to the same special solution (12) ; and thirdly, the internal permissible movements of the chicken inside the egg are like some permissible so small variations of the special solution (12) for which δε < 0. Briefly, the new phantom term (27) in the new extended system (16) behaves like a stability catalyzer and does not have any role in the other observable such as rest mass and charge.
Some one may think that this model is an artificial model which is properly tuned to satisfied all wanted features specially for a purposed solitary wave solution (12) . But note that, firstly; many of the models in the standard quantum field theory are artificial, i.e. many people try to tune them manually so that lead to desired results and expectations, secondly;
it have not been yet a classical relativistic field model which leads to an energetically stable non-topological soliton solution and this one is the first, thirdly; the required features which we introduced in the beginning of the section III for the special particle-like function (12), forced us to reach this strange model, i.e. it is unique and we could not find another completely different one which satisfied the all wanted features properly.
V. CONCLUSION
Considering the above points, it is theoretically possible to speak of a special nontopological soliton solution (12) for which the dominant dynamical equation would be a special kind of the standard nonlinear KG equations. This was done if one add a new proper scalar term (F ) to the original KG Lagrangian density (4). This new term behaves like a massless phantom which surrounds the particle-like solution (12) and resists any significant changes in its internal structure. For a free solitary wave solution (12) or one whose internal structure is deformed very small, the dominant dynamical equations are the same standard nonlinear KG equations (10) and (11), and the contribution of the phantom term F in its dominant dynamical equations is zero or negligible. In other words, just for this special solution (12) , the complicated dynamical equations (17) and (18) reduce to the same standard nonlinear KG equations (10) and (11) respectively. But for some significant changes that are larger than a certain amount, the actual role of the added term F is significant and resists such changes. In other words, the presence of such changes in the internal structure of the particle need high external energies. The power and ability of this new term F for the stability of the special solution (12) is related to three constants A i (i = 1, 2, 3) so that the larger values of those make the phantom term stronger. The role of the new (phantom) term F for the special solution (12) just makes it stable, but does not affect its other physical properties, such as mass, charge, shape and the specific dominant dynamical equations, i.e.
it acts like a stability catalyzer.
In general, the new system is one of the extended nonlinear KG systems that leads to very complicated dynamical equations. In general, such systems are thought to be nonstandard and distant in the standard theory of classical and quantum fields, but for the case presented in this paper, i.e. Eqs. (16) and (27) , its solutions have energies larger than the rest energy of the special solitary wave solution (12) . In other words, the special solitary wave solution (12) is truly a non-topological energetically stable soliton solution.
